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a b s t r a c t

The Immersed Interface Method is employed to solve the time-varying electric field
equations around a three-dimensional vesicle. To achieve second-order accuracy the
implicit jump conditions for the electric potential, up to the second normal derivative, are
derived. The trans-membrane potential is determined implicitly as part of the algorithm.
The method is compared to an analytic solution based on spherical harmonics and verifies
the second-order accuracy of the underlying discretization even in the presence of solution
discontinuities. A sample result for an elliptic interface is also presented.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The effects of electric fields on biological membranes and vesicles have been the subject of recent experimental [1,2]
and theoretical [3,4] studies. Recent numerical investigations have used the boundary integral method to investigate two-
dimensional vesicles in the presence of DC electric fields [5]. In this work a new numerical method based on the Immersed
Interface Method (IIM) is presented to obtain the time-varying electric and trans-membrane potentials associated with
a lipid vesicle membrane exposed to DC electric fields. Accurate calculation of the electric potential field is critically im-
portant in modelling the time-evolution of vesicles as jumps in the Maxwell stress tensor exert large forces on a vesicle
membrane [6]. Unlike other methods, such as the boundary integral method of Ref. [5], the present method extends easily
and naturally to three-dimensions. The work presented here is part of a larger, on-going effort to understand the general
electrohydrodynamics of lipid vesicles in three dimensions.

Consider a lipid bilayer vesicle exposed to an electric field, Fig. 1. The vesicle is assumed to be made of a charge-free lipid
bilayer membrane with capacitance Cm and conductivity Gm. It is suspended in an outer fluid denoted as Ω+ with conduc-
tivity s+ and permittivity ϵ+. The inner fluid, denoted as Ω−, is enclosed by the vesicle and assumed to have a different
conductivity s− and permittivity constant ϵ−.

Both fluids are treated as leaky dielectrics and thus are weakly conducting. Application of an electric field E causes a
redistribution of bulk charge density in both inside and outside of the membrane which happens almost instantaneously
compared to other existing physical phenomena in the problem [6,7]. This leads to the quasistatic assumption for the electric
field which implies E = −∇Φ . Denote the resulting electric potential in the inner fluid as Φ− and in the outer fluid as Φ+.
In the leaky dielectric model the effects due to magnetic induction are negligible and as there is no local free charge density
in either fluid the electric potential in each fluid is given as the solution to ∇

2Φ±
= 0 [7,8].
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Fig. 1. The system of interest: A vesicle exposed to an electric field. Properties differ between the inner and outer fluid.

Fig. 2. Sample grid showing interface and outward facing normal. The grid node denoted by the cross requires corrections due to discontinuities in the
stencil. The corrections are calculated at the circle and extended out to the grid node.

When an electric field is applied to the system, charges will accumulate on both the inner and outer sides of membrane
due to the ion impermeability of the lipid bilayer. This turns the membrane into a capacitive interface, which results in a
discontinuity of the electric potential across the domain [6],

[Φ] = lim
a→0

Φ+ (xΓ + an) − lim
a→0

Φ− (xΓ − an) = −Vm(t), (1)

where Vm(t) is the time-varying trans-membrane potential, xΓ is a point on themembrane, andn is the outward unit normal
pointing into Ω+, see Fig. 2. For simplicity the limit notation will be henceforth dropped.

The trans-membrane potential itself can be obtained from the conservation of current density across the membrane
[3,9,10],

Cm
∂Vm

∂t
+ GmVm = s±(n · E±) + ϵ±

∂(E±)

∂t
· n + ∇s ·


uQ±


, (2)

where Q± is the induced charge densities on the top and bottom side of the membrane. In the limit of fast bulk charge
relaxation and negligible charge convection the time evolution of E± and the convection of charges can be ignored [9].
If the response of the system in the presence of AC electric fields is desired then these terms must be kept. Under these
assumptions the simplified version of Eq. (3) is ultimately given as

Cm
dVm

dt
+ GmVm = n · (s±E±). (3)

Assuming that the membrane conductance and capacitance have uniform and constant values on the interface, the trans-
membrane potential will only depend on changes in the surrounding domain electric potential and the interface shape.

The bulk Ohmic current, J = sE , is continuous in the normal direction across the membrane. Therefore n · (J+ − J−) =

n · (s+E+
− s−E−) = 0. However, there is a discontinuity in the normal component of displacement vector due to induced

charges on the membrane n · (ϵ+E+
− ϵ−E−) = Q , where Q is the effective induced charge density of the membrane.

This net charge imbalance occurs across the interface due to the difference in physical and electrical properties of the inner
and outer fluids. Q is introduced here only for the sake of completeness and is not used in the calculations for the electric
potential.

2. Electric potential jump conditions

Let the electric potential field in the entire domain (inner plus outer fluid) be denoted as Φ . Consider solving for the
potential in the entire domain, ∇2Φ = 0, using a finite difference method. Large errors are introduced into the solution
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near the interface due to the discontinuous electric potential field. The Immersed Interface Method was first introduced
by Leveque and Li to address the issue of solving discontinuous PDEs across an embedded interface [11]. To produce ac-
curate solutions the jump of the solution across the interface are included in the numerical discretization. This method
has been used extensively to solve elliptic problems with interfaces [11,12] and later was extended to model the Stokes
or Navier–Stokes equations with singular forces and discontinuous viscosity [13,14]. The IIM is also able to handle sharp
interfaces with discontinuities and singularities in the coefficients and the solutions [15].

In this work a simplified augmented Immersed Interface Method is used [16]. To obtain second-order spatial accuracy in
the solution the jumps in the electric potential and up to the second normal derivative are needed across the interface [16].
The first jump condition is obtaineddirectly from the time-varying trans-membrane voltage, Eq. (1). The time-varying nature
of this jump condition will be handled in the next section.

To derive the jump condition for the first normal derivative of electric potential the continuity of current density across
the interface is used:

0 = s+
∂Φ+

∂n
− s−

∂Φ−

∂n
, (4)

0 = s+
∂Φ+

∂n
− s−

∂Φ−

∂n
+ s−

∂Φ+

∂n
− s−

∂Φ+

∂n
, (5)

0 =

s+ − s−

 ∂Φ+

∂n
+ s−


∂Φ+

∂n
−

∂Φ−

∂n


, (6)

0 = [s]
∂Φ+

∂n
+ s−


∂Φ

∂n


. (7)

Similarly it can be shown that

0 = [s]
∂Φ−

∂n
+ s+


∂Φ

∂n


. (8)

Solving for the jump in the normal electric field yields
∂Φ

∂n


= −

[s]
s+

∂Φ−

∂n
= −

[s]
s−

∂Φ+

∂n
. (9)

For the jump in the second normal derivative, start with the relation between the Laplacian and the surface Laplacian
of an arbitrary scalar function, ∇

2Φ = ∇
2
s Φ + H ∂Φ

∂n +
∂2Φ

∂n2
, where ∇

2
s = [(I − n ⊗ n) ∇] · [(I − n ⊗ n) ∇] is the

surface Laplacian and H = ∇ · n is the summation of the two principle curvatures. Applying the jump operator results
in [∇

2Φ] = [∇
2
s Φ]+H[

∂Φ

∂n ]+[
∂2Φ

∂n2
], as there is no jump in the curvature. Previous work has shown that the jump condition

commutes with differentiation along the interface, [∇2
s Φ] = ∇

2
s [Φ], see Ref. [17]. Also note that the jump in the Laplacian

of the electric potential is zero, [∇2Φ] = 0. It is thus possible to write the jump in the second normal derivative as
∂2Φ

∂n2


= −∇

2
s [Φ] − H


∂Φ

∂n


, (10)

where the expressions for [Φ] and [∂Φ/∂n] are already given in Eqs. (1) and (9), respectively.
The jumps are calculated on the interface and extended to the surroundingnodes by extrapolating in thenormal direction.

The extended jumps at grid point, [Φ]gp, are given by

[Φ]gp = [Φ] + d


∂Φ

∂n


+

d2

2


∂2Φ

∂n2


, (11)

where d is the signed distance from the grid point to the interface. Using these extended jumps the corrections can be
calculated in the Immersed Interface Method, see Ref. [16] for the IIM implementation details.

3. Numerical implementation

The goal is to solve for the electric potential field in a rectangular domain discretized using a Cartesian grid with uniform
grid spacing h, see Fig. 2. Let the Ωmin domain contain the fluid with the smaller electrical conductivity. To proceed with the
numerical implementation define the normal electric field in the Ωmin domain as r = ∂Φmin/∂n. Note that this quantity is
only defined on the embedded interface. Using a second-order time-discretization for the trans-membrane-potential results
in

Cm
3V n+1

m − 4V n
m + V n−1

m

2∆t
+ GmV n+1

m = −sminr, (12)
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where V n
m and V n−1

m are the trans-membrane potentials in the two previous time-steps and are taken to be known while r
is the normal electric field at time tn+1. With this new definition and solving for V n+1

m the complete set of jump conditions
can be rewritten as

[Φ] =
1

3Cm + 2∆tGm
(2∆tsminr − 4CmV n

m + CmV n−1
m ), (13)

∂Φ

∂n


= −

[s]
smax

r, (14)
∂2Φ

∂n2


= ∇

2
s [Φ] − H


∂Φ

∂n


, (15)

where smax is the larger of the two fluid conductivities. If r is known then the jump conditions are fully defined. It would
then be possible to use the Immersed Interface Method to solve for Φ in the entire domain. Unfortunately, the value of r is
not explicitly known but must be determined as part of the problem. Here a technique first introduced for the solution of
the Stokes equations [18] is used to determine Φn+1 and r simultaneously.

All the electric potential jump conditions are linear. Hence, all the IIM corrections will be also linear. The linear system
which results from an IIMdiscretization of the electric potential field equation can bewritten in an operator form as LΦ = C ,
where L is the Laplacian operator and C is the vector containing the required corrections. The total correction C can be split
into corrections due to r and the previous trans-membrane potentials, V n

m and V n−1
m : C = A0r + B0, where A0 is a linear

operator and B0 contains the known contribution from the previous voltages. It is now possible to solve for the electric
potential in the domain, Φ = L−1A0r + L−1B0. LetM be the one-sided normal derivative operator such thatMΦ = r . Then
MΦ = r = ML−1A0r + ML−1B0.

This relation shows that the normal electric field, r , has two linear contributions. There is a contribution from the trans-
membrane potentials at previous times and a contribution from the normal electric field itself. As the quantity B0 is known,
that particular contribution can be explicitly calculated as r0 = ML−1B0, which is simply the solution of the electric potential
field using only the contribution to the jump conditions from V n

m and V n−1
m . This electric potential solution is then projected

onto the normal electric field space through theM operator.
The second contribution is from the still-unknown normal electric field, r . This contribution, though, can be written as

ML−1A0r = Ar , where Ar is the solution of the electric potential projected onto the normal electric field space by only
considering the r contributions to the jump conditions.

Using this simplified notation it can be stated that r is the solution to the following linear system: (A− I)r = −r0. As this
linear system cannot be written in explicit form, a matrix-free iterative linear system solution method is needed to obtain
the solution. The quantity r is only defined on the interface and is thus a lower dimension than the computational domain.
Therefore a solver such as GMRES proves to be an excellent choice.

To complete this section a word needs to be said about computing the normal electric potential derivative, r = MΦ , and
the calculation of surface Laplacian, ∇2

s [Φ] = −∇
2
s Vm, at a point on the interface. First consider the surface Laplacian of

the trans-membrane potential. The trans-membrane voltage is only given on the interface. To facilitate calculations Vm is
extended in the normal direction into the embedding region near the interface. It has been shown that standard Cartesian
derivatives equal surface derivatives if the quantity of interest is constant in the normal direction, see the Closest Point
Method for more details [19].

Next, let IΦ3 be a bi-cubic (in 2D) or tri-cubic (in 3D) interpolant of the electric potential for the cell containing the interface
point of interest, see Fig. 2. The normal derivative operatorM can be calculated as appropriate derivatives of the interpolant
and the outward unit normal, M := n · ∇IΦ3 . To calculate a normal derivative in a particular fluid it is simply necessary to
apply the corrections to the opposite fluid’s nodes, e.g. if r = ∂Φ+/∂n the corrections would be applied to all nodes in the
Ω− fluid. In this way a particular fluid’s normal electric field can be calculated and discontinuities in the field can be taken
into account.

It should be noted that a similar scheme to model the electrohydrodynamics of a leaky dielectric drop has recently been
presented [20]. Unlike a vesicle, a drop in the presence of an electric field does not have an electric potential jump across
the interface. Thus the jump in electric potential is not evolving in time and is set to zero.

4. The numerical algorithm

To determine the electric potential and trans-membrane potential at a time tn+1 it is assumed that the electric potential
at the previous two time-steps are known: V n

m and V n−1
m . The algorithm is then given as:

Step I: Solve for the electric potential field only using corrections due to V n
m and V n−1

m :Φ0 = L−1B0 using the given physical
boundary conditions.

Step II: Compute the constant contribution to the normal electric field as r0 = MΦ0.
Step III: Use a matrix-free iterative solver such as GMRES to solve (A − I) r = −r0. Each matrix–vector product (A − I) r

requires the following steps:
Step 1: Solve for the electric potential using the given r: Φr = L−1A0r using uniform boundary conditions of

Φr |bc = 0.
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Fig. 3. Sample results for an elliptic interface in an electric field. The top row are for the z = 0 planewhile the bottom row is the trans-membrane potential.
The trans-membrane potential has values between −2 (blue) to +2 (red). (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Step 2: Calculate the normal electric field as Ar = MΦr .
Step 3: Return the quantity Ar − r as the matrix–vector product.

Step IV: The electric potential field in the computational domain is Φn+1
= Φ0 + Φr .

Step V: The new trans-membrane potential is updated using Eq. (12).

5. Sample result

Consider a spherical vesicle placed in an electric field in the absence of membrane conductivity, Gm = 0. In this
simple case an analytic solution exists for the electric potential and trans-membrane potential [6]. Let the electric field
far from the vesicle be given by E∞

= E0ŷ. The electric potential can be written in terms of spherical harmonics:
Φ±

= −E0

Y−1
1 + Y 1

1


P±, where Y±1

1 are the first-order spherical harmonic modes and P± is a function of the membrane
capacitance Cm, the conductivity ratio between the inner and outer fluids, Λ = s−/s+, and time, t . The trans-membrane
potential has a solution of Vm = V̄ (t)E0


Y−1
1 + Y 1

1


where V̄ (t) ∼ 1 − exp(−t). See Ref. [6] for details of solution.

Using a conductivity ratio of Λ = 0.1, membrane capacitance of Cm = 1, and an external electric field strength of E0 = 1
the time-evolution of the electric potential field and trans-membrane potential in Ω = Ω−

∪ Ω+ for a spherical vesicles of
radius 1 has been calculated up to a time of t = 20. The domain spans the region [−4, 4]3 and Dirichlet boundary conditions
are imposed on the computational domain boundary. Convergence results for grid spacing ranging from h = 0.0313 to
h = 0.125 using a time step of∆t = h are reported in Table 1. The electric potential, trans-membrane potential, and normal
electric field (r in the numerical method) are all consistently second-order accurate in the L∞-norm error.

As an example of solving the system for a non-spherical shape consider an ellipsoidal shape with an axis length of 3.7
in the ŷ-direction and an axis lengths of 1.33 in the x̂- and ẑ-directions. The electric field is in the ŷ-direction and has a far-
field strength of 1. The membrane capacitance is set to Cm = 1 while the conductivity is set to a small, but non-zero value,
Gm = 0.001. In this case the inner fluid conductivity is set to s− = 0.05 while the outer conductivity is unity, s+ = 1. The
time-evolution of the electric potential on the z = 0 plane and the evolution of the trans-membrane potential are shown in
Fig. 3. Over time the trans-membrane saturates between values of −2 and +2 and the potential of the inner fluid flattens
out, which matches what is expected for vesicles [6].

6. Conclusion

In this letter amethod tomodel the trans-membranepotential and the surrounding electric potential for a vesicle exposed
to an electric field has been developed. Overall the method demonstrates second-order accuracy. The jump conditions
depend on the electric field normal to the membrane, which is determined as part of the solution. In fact, this method
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Table 1
Convergence results for the electric potential, trans-membrane potential, and electric field normal to the interface for a spherical vesicle of radius 1. The
normalized inner fluid conductivity is 0.1 while the outer fluid conductivity is set to 1. The membrane capacitance is set to Cm = 1 while the conductivity
is Gm = 0. The external electric field has strength of E0 = 1. The vesicle is placed in a [−4, 4]3 domain while the time step is fixed as ∆t = h. All errors are
computed at a time of t = 20. Comparison is done against analytical results of Schwalbe et al. [6].

h Electric potential Trans-membrane potential Normal electric field
L∞ Order L∞ Order L∞ Order

0.1250 4.5134 × 10−3 – 3.9191 × 10−3 – 8.8146 × 10−4 –
0.0833 2.0335 × 10−3 1.89 1.7681 × 10−3 1.93 3.8786 × 10−4 2.4
0.0625 1.1690 × 10−3 1.82 1.0209 × 10−3 1.86 2.0215 × 10−4 2.22
0.0417 5.1347 × 10−4 1.89 4.4380 × 10−4 1.93 8.6623 × 10−5 2.34
0.0313 3.0121 × 10−4 1.85 2.6004 × 10−4 1.88 5.1190 × 10−5 2.25

can be also used for other interfacial problems in the presence of electric fields so long as the jump in the electric potential
is a function of the normal electric field. This makes the application of the method more general and not necessarily only
relevant to vesicles in electric fields.

This is part of an ongoing work to investigate the electrohydrodynamics of lipid bilayer vesicles. In the future the electric
potential solver will be coupled to a general multiphase solver to investigate the dynamics of vesicles in the presence of
electric fields.
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